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THE SPACE-TIME FRACTIONAL DIFFUSION EQUATION
WITH CAPUTO DERIVATIVES
F. HUANG AND F. LIU
Abstract. We deal with the Cauchy problem for the space-time fractional
diffusion equation, which is obtained from standard diffusion equation by
replacing the second-order space derivative with a Caputo (or Riemann-
Liouville) derivative of order β ∈ (0, 2] and the first-order time derivative
with Caputo derivative of order α ∈ (0, 1]. The fundamental solution
(Green function) for the Cauchy problem is investigated with respect to its
scaling and similarity properties, starting from its Fourier-Laplace repre-
sentation. We derive explicit expression of the Green function. The Green
function also can be interpreted as a spatial probability density function
evolving in time. We further explain the similarity property by discussing
the scale-invariance of the space-time fractional diffusion equation.
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1. Introduction
Some space and/or time fractional diffusion equation (FDE), which is ob-
tained by replacing the first-order time derivative and/or second-order space
derivative in the standard diffusion equation by a generalized derivative of frac-
tional order, respectively, were successfully used for modelling relevant physical
processes(see, for example [2]-[9], [11], [18]-[24] and [30] ). These fractional dif-
fusion equations arise quite naturally in continuous-time random walks. While
the fractional derivatives may be introduced by different definitions. For exam-
ple, Wyss[34] and Schneider & Wyss[32] considered the Riemann-Liouville or
Caputo time fractional diffusion and wave equation and obtained the solution in
closed form in terms of Fox functions; We also extended their works in half-space
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with Caputo time derivative and obtained the explicit expression of its Green
function[23]. Gorenflo, Luchko and Mainardi [16] used the similarity method
and the Laplace transform method to obtain the scale-invariant solution of the
Caputo time fractional diffusion-wave equation in terms of the Wright function.
Agrawal[1] presented a general solution for a time fractional diffusion-wave equa-
tion defined in a bounded space domain by the finite sine and Laplace transform
technique. Schumer, Benson, Meerschaert and Wheatcraft [33] derived a frac-
tional Fick’s law and used Eulerian conservation of mass methods to obtain
a fractional ADE. Meerschaert and Tadjeran [28] developed practical numeri-
cal methods to solve one dimensional fractional advection-dispersion equations
with variable coefficients on a finite domain. Recently, Mainardi, Luchko and
Pagnini[27] investigated the space-time FDE with a Riesz-Feller space deriva-
tive and Caputo time derivative, its Green function was derived with respect to
its scaling and similarity properties. Integrodifferential equation which interpo-
lates the heat equation and the wave equation is considered by Fujita [14]. He
gave the representation of the solution by the fundamental solotion and showed
some properties. The solution of the bi-fractional differential equation was de-
veloped by Kilbas et al. [15]. The fundamental solution of these problems was
established and its moments are calculated. Anh et al. [4]-[6] considered spec-
tral analysis of fractional kinetic equations with random data, renormalization
and homogenization of fractional diffusion equations with random data, and
harmonic analysis of fractional diffusion-wave equations, respectively. The time-
fractional advection-dispersion equation was considered by Liu, Anh et al. [24]
and its complete solution was obtained by using variable transformation, Mellin
and Laplace transforms, and properties of H-functions.
This paper is a continuation of these papers. In this paper we intend to
consider a sort of “generalized diffusion” equation which is referred to as the
space-time FDE
c
0D
α
t u(x, t) = DDβxu(x, t), x ∈ IR, t ∈ IR+, (1)
with the following initial and boundary conditions
u(x, 0) = g(x), x ∈ IR, u(∓∞, t) = 0, t > 0, (2)
where the positive constant D is the difusion coefficient, 0 < α ≤ 1, 1 < β ≤ 2,
u(x, t) is the (real) field variable, c0D
α
t is the Caputo time fractional derivative of
order α, and Dβx is the Riemann-Liouville or Caputo space fractional derivative
of order β with the lower terminal a = −∞, i.e. Dβx = −∞Dβx = −∞cDβx
(see (46) or [30]), g(x) is a sufficiently well-behaved function.
Properties and more details about the Riemann-Liouville and Caputo frac-
tional derivative can be found in texts on Fractional Calculus (see [17], [30] or
Appendix B).
The fractional diffusion equation (1) might be useful for the investigation of
the mechanism of anomalous diffusion usually met in transport processes through
complex and/or disordered systems including fractal media. The representations
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of the Green function for the Cauchy problem (1)-(2) is derived in terms of some
special functions with the similarity argument z = xt−α/β . We determine the
Eq. (1) is indeed invariant under a symmetry group of scaling transformations,
which further explain the similarity property.
The standard diffusion is an important process described by an Gauss-
ian distribution, that is to say, the Green function is the Gaussian distribution
density function (pdf) with variance σ2 = 2Dt, namely
G(x, t) =
1
2
√
piDte
−x2/(4Dt). (3)
G(x, t) is the probability density of a particle, initially (t = 0) at x = 0, being
at x the instant t. In the fractional cases, we prove the Green function is still
a pdf evolving in time which is non-Gaussian, that is to say, these generalized
diffusion equations are shown to provide probability density functions evolving
in time which are related to the special class of stable distributions. So the
word “diffusion” is also justified. This property is noteworthy generalization of
what happens in the case of standard diffusion equation and can be relevant in
treating financial and economical problems where stable probability distributions
are known to play a key role. The generalized (or fractional) diffusion processes
also might be properly understood through suitable random walk models(we can
refer [18]-[21]).
1. Scaling and similarity properties of the Green function
We mean a function uα,β(x, t) is the solution of the equation (1) which
satisfies the conditions (2).
Applying temporal Laplace and spatial Fourier transforms to Eq. (1) and
using the initial condition (2), we obtain the following nonhomogeneous differ-
ential equation
sαu˜α,β(x, s)− sα−1g(x) = DDβx u˜α,β(x, s), (4)
sα̂˜uα,β(k, s)− sα−1ĝ(k) = D(−ik)β ̂˜uα,β(k, s). (5)
Then we derive
̂˜uα,β(k, s) = sα−1
sα −D(−ik)β ĝ(k). (6)
To invert the Laplace transform in (6), we recall the Laplace transform pair,
Eα(ctα) L←→ s
α−1
sα − c , <(s) > |c|
1/α, (7)
with c ∈ CI, where Eα denotes the entire transcendental function, known as the
Mittag-Leffler function of order α, defined in the complex plane by the power
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series,
Eα(z) =
∞∑
n=0
zn
Γ(αn+ 1)
. (8)
For more detailed information on the Mittag-Leffler-type functions and their
Laplace transforms the reader may consult e.g. [10], [12], [17], [30].
Going back to the time domain, we have
ûα,β(k, t) = Eα[D(−ik)βtα]ĝ(k). (9)
For the equation (9), we invert the Fourier transform to obtain [30]
uα,β(x, t) =
1
2pi
∫ +∞
−∞
e−ikxEα[D(−ik)βtα]ĝ(k)dk
=
1
2pi
∫ +∞
−∞
e−ikxEα[D(−ik)βtα]
∫ +∞
−∞
eikyg(y)dydk
=
∫ +∞
−∞
( 1
2pi
∫ +∞
−∞
e−ik(x−y)Eα[D(−ik)βtα]dk
)
g(y)dy
=
∫ +∞
−∞
Gα,β(x− y, t)g(y)dy,
(10)
where
Gα,β(x, t) =
1
2pi
∫ +∞
−∞
e−ikxEα[D(−ik)βtα]dk. (11)
It is the Green function or fundamental solution (here we suppose that this
integral exists), which being the formal solution of (1) corresponding to g(x) =
δ(x)(the Dirac delta function). The Green function can be characterized by
Ĝα,β(k, t) = Eα[D(−ik)βtα], (12)
and ̂˜
Gα,β(k, s) =
sα−1
sα −D(−ik)β . (13)
By using the known scaling rules for the Fourier and Laplace transforms,
f(ax) F←→ |a|−1f̂(k/a), a ∈ IR, f(bt) L←→ b−1f˜(s/b), b > 0.
(14)
We infer directly from (13)(without inverting the two transforms) the following
scaling property of the Green function,
Gα,β(ax, bt) = b−γGα,β(ax/bγ , t), γ = α/β. (15)
Consequently, introducing the similarity variable x/tγ , we can write
Gα,β(x, t) = t−γKα,β(x/tγ), γ = α/β, (16)
where the one-variable function Kα,β is referred to as reduced Green function.
It means that the Green function can be expressed in terms of some special
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function with the similarity argument z = xt−α/β . We will explain this fact in
the next section and determine that Eq. (1) is in fact invariant under a symmetry
group of scaling transformations.
In view of the conjugate property of the Mittag-Leffler function, we derive
Ĝα.β(−k, t) = Eα[D(ik)βtα] = Eα[D(ik)βtα]
= Eα[D(−ik)βtα] = Ĝα,β(k, t).
(17)
Furthermore, we easily recognize
Ĝα,β(0, t) = Eα(0) = 1, t ≥ 0. (18)
Provided that Gα,β(x, t) does exist as inverse Fourier transform of (12), equa-
tions (17)-(18) means that Gα,β(x, t) is real and normalized, i.e.
Gα,β(x, t) ∈ IR,
+∞∫
−∞
Gα,β(x, t)dx = 1.
It remains to prove that Gα,β(x, t) is positive which ensures that the Green
function is the spatial probability density for different values of the relevant
parameters α, β. It can be obtained by deriving its explicit representation as
indicated below.
2. The explicit representation of the Green function
2.1. The space fractional diffusion. Let us first consider 0 < β ≤ 2, α = 1(space
fractional diffusion including standard diffusion for β = 2). In this case, reducing
the MIttag-Leffer function in (12) to the exponential function,
Ĝ1,β(k, t) = e(−ik)
βDt. (19)
To derive the Green function in the space and time domain, we recover the
characteristic function of a class of Le´vy strictly stable densities (Here we rec-
ommend the literature [13] and [27] to the reader about the properties and more
details about the Le´vy strictly stable densities), and using the same notation as
that in [27], we have
L̂−ββ (k) = e
−(−ik)β , 0 < β ≤ 1. (20)
It is one-sided stable pdf, with solution
L−ββ (x) =

1
pix
∞∑
n=1
(−x−β)nΓ(1 + nβ)
n!
sin(−nβpi), x > 0,
0, x ≤ 0 (21)
for β 6= 1, and
L−11 (x) = δ(x− 1),
6 F. Huang and F. Liu
for β = 1. And another stable pdf
L̂2−ββ (k) = e
(−ik)β , 1 < β ≤ 2, (22)
which expresses in space domain
L2−ββ (x) =

1
pix
∞∑
n=1
(−x)nΓ(1 + n/β)
n!
sin[
npi
β
(1− β)], x > 0,
1
piβ
Γ(
1
β
) cos[
(2− β)pi
2β
], x = 0,
1
pix
∞∑
n=1
xn
Γ(1 + n/β)
n!
sin[
npi
β
], x < 0.
(23)
Then by the scaling property of Fourier transform(see the first relation of (14)),
we have
G1,β(x, t) =
{
(Dt)−1/βL−ββ
(
x
(−Dt)1/β
)
, 0 < β ≤ 1,
(Dt)−1/βL2−ββ
(
x
(Dt)1/β
)
, 1 < β ≤ 2, (24)
which is non negative.
The stable densities admit a representation in terms of elementary functions
only in the following cases:
1) α = 1, β = 2, the standard diffusion equation:
L02(x) =
1
2
√
pi
e−x
2/4 ⇒ G1,2(x, t) = 1
2
√
piDte
−x2/(4Dt),
which is in agrement with (3).
2) α = β = 1, kinematic wave equation:
L±11 (x) = δ(x± 1)⇒ G1,1(x, t) =
1
Dtδ(
x
Dt + 1).
3) α = 1, β = 1/2, Le´vy-Smirnov:
L
−1/2
1/2 (x) =
{
x−3/2
2
√
pi
e−1/(4x), x ≥ 0,
0, x ≤ 0,
⇒ G1,1(x, t) =
{
Dtx−3/2
2
√
pi
e−(Dt)
2/(4x), x ≥ 0,
0, x ≤ 0.
2.2. Composition rule for the Green function for 0 < α < 1 and 0 < β ≤
2. To express the general Green function of the space-time fractional diffusion
equation for 0 < α < 1, we note that the Fourier- Laplace transforms of the
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Green function (13) can be re-written in integral form as in [31] and [27]̂˜
Gα,β(k, s) =
sα−1
sα −D(−ik)β
= sα−1
∫ +∞
0
exp{−u[sα −D(−ik)β ]}du
=
∫ +∞
0
eD(−ik)
βu(sα−1e−us
α
)du
=
∫ +∞
0
Ĝ1,β(k, u)G˜2α(u, s)du,
(25)
where
G˜λ(x, s) = sλ/2−1e−|x|s
λ/2
, x ∈ IR, <(s) > 0, (26)
with solution
Gλ(x, t) = t−λ/2Mλ/2(|x|/tλ/2), x ∈ IR, t ≥ 0, (27)
where Mλ/2 denotes the so-called M function(of the Wright type) of order λ/2,
whose general properties can be found in some references (see [16], [27], [30] for
instance). The function Mλ is defined for any order λ (0 < λ < 1) by
Mλ(z) =
∞∑
n=0
(−z)n
n!Γ[−λn+ (1− λ))] .
Going back to the space-time domain we obtain the relation
Gα,β(x, t) =
∫ +∞
0
G1,β(x, u)G2α(u, t)du, (28)
then we can ensure the Green function is non negative by the non negative
prosperities of G1,β and G2α.
Remark: The formula (28) includes the particular cases {1, β} for the space
fractional diffusion equation and {α, 2} for the time fractional diffusion equation:
1) space fractional diffusion
G1,β(x, t) = t−1
∫ +∞
0
G1,β(x, u)M1(u/t)du = G1,β(x, t); (29)
2) time fractional diffusion
Gα,2(x, t) =
t−α
2
√
piD
∫ +∞
0
e−x
2/(4Du)Mα(u/tα)
du
u1/2
=
t−α/2
2
Mα/2(
|x|√Dtα/2 ),
(30)
where we use the duplication formula∫ +∞
0
e−x
2/(4u)Mα(u/tα)
du
u1/2
=
√
pit−α/2Mα/2(|x|/tα/2).
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3. Invariance of the space-time fractional diffusion equation
The scale-invariance of the standard diffusion equation(α = 1, β = 2) is
well known [29], so is the general case, that is to say, we will extend the result
to the space-time fractional equation.
Let Tλ : Tλ ◦ (x, t, u) = (λx, λbt, u) is one-parameter group of scaling
transformations for Eq. (1), where λ is any positive real number. It means that
if u(x, t) is a solution of Eq. (1), so is the function u¯(x¯, t¯)(x¯ = λ1x, t¯ = λbt, u¯ = u).
We have:
1) For α, β = n ∈ IN
c
0D
α
t u =
∂n
∂tn
u¯ = λnb
∂nu¯
∂t¯n
, Dβxu =
∂n
∂xn
u¯ = λn
∂nu¯
∂x¯n
. (31)
2) For the case n− 1 < α, β < n, n ∈ IN , using variable substitution we get
Dβxu =
1
Γ(n− β)
∂n
∂xn
∫ x
−∞
(x− y)n−β−1u¯(y¯, t¯)dy
=
λn
Γ(n− β)
∂n
∂x¯n
∫ λ−1x¯
−∞
(λ−1x¯− y)n−β−1u¯(λy, t¯)dy
=
λn
Γ(n− β)
∂n
∂x¯n
∫ x¯
−∞
(λ−1x¯− λ−1z)n−β−1u¯(z, t¯)λ−1dz
=
λβ
Γ(n− β)
∂n
∂x¯n
∫ x¯
−∞
(x¯− z)n−β−1u¯(z, t¯)dz
= λβDβx¯ u¯.
(32)
By the relation (47) and doing the above similar argument we also have
c
0D
α
t u = 0D
α
t u−
n−1∑
k=0
u(k)(x, 0) t
k−α
Γ(k−α+1)
= (λbα)0Dαt¯ u¯−
n−1∑
k=0
(λb)ku¯(k)(x¯, 0) (t¯/λ
b)k−α
Γ(k−α+1)
= (λbα){0Dαt¯ u¯−
n−1∑
k=0
u¯(k)(x¯, 0) t¯
k−α
Γ(k−α+1)}
= (λbα)c0D
α
t¯ u¯(x¯, t¯).
(33)
It follows that
c
0D
α
t u−DDβxu = (λbα)c0Dαt¯ u¯− λβDDβx¯ u¯, (34)
which implies that if u(x, t) is a solution of Eq. (1) then u¯(x¯, t¯) is also a solution
for any λ > 0 if and only if
bα = β ⇒ b = β
α
. (35)
This means that the invariant for the scaling transformation Tλ of the Eq. (1)
has the form η(x, t, u) = xt−α/β , so we use the transformation
u(x, t) = v(z), z = xt−α/β
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to determine the scale-invariant solution of the Eq. (1).
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4. Appendix: Preliminaries
Here we present an introduction to the Riemann-Liouville and Caputo
fractional derivatives, and their representation in the Fourier and Laplace trans-
forms, respectively.
Appendix A. The Fourier and Laplace transforms (see [17], [27],
[30])
The Fourier transform
The Fourier transform of a convolution of two functions states
F{h(x) ∗ f(x); k} = F{
∫ +∞
−∞
h(x− y)f(y)dy; k} = ĥ(k)f̂(k). (36)
If we define h+(x) by
h+(x) =

xα−1
Γ(α)
, t > 0,
0, t ≤ 0,
(37)
where 0 < α < 1. Then its Fourier transform is
F{h+(x); k} = (−ik)α. (38)
The Laplace transform
From the definition of the Laplace transform, it follows
L{tν ; s} = Γ(ν + 1)
sν+1
, ν > −1. (39)
The Laplace transform of the convolution of two functions is the product of
their Laplace transforms, i.e.
L{h(t) ∗ f(t)} = L{
∫ t
0
h(t− τ)f(τ)dτ ; s} = h˜(s)f˜(s). (40)
Appendix B. The Riemann-Liouville and Caputo fractional
derivative (see [13], [17], [27], [30])
If f is continuous, the fractional integral of order α of f is
aD
−α
t f(t) =
1
Γ(α)
∫ t
a
(t− τ)α−1f(τ)dτ, α > 0, (41)
which is a convolution integral. By the above properties of the Fourier and
Laplace transforms(see Appendix A), we have
F{∞D−αt f(t); k} = F{h+(t) ∗ f(t)} = (ik)−αf̂(k), α > 0, (42)
10 F. Huang and F. Liu
and
L{0D−αt f(t); s} =
1
Γ(α)
L{tα−1}L{f(t)} = s−αf˜(s), α > 0. (43)
The Riemann-Liouville fractional derivative which is here denoted as aDαt f(t)
is defined by
aD
α
t f(t) =

dnf(t)
dtn
, α = n ∈ IN,
dn
dtn
{ 1
Γ(n− α)
∫ t
a
f(τ)(t− τ)n−α−1
}
dτ, n− 1 < α < n.(44)
While the Caputo fractional derivative of order α which is here denoted as
c
aD
α
t f(t) is defined by
c
aD
α
t f(t) =

dnf(t)
dtn
, α = n ∈ IN,
1
Γ(n− α)
∫ t
a
(t− τ)n−α−1 d
nf(τ)
dτn
dτ, n− 1 < α < n. (45)
It was proposed by M.Caputo first in his paper [8].
For the lower terminal a = −∞, we have
−∞Dαt f(t) = −∞
cDαt f(t). (46)
Obviously, if the order is integer(α = n ∈ IN), the two kinds of fractional
derivative are identical. In the case that the order is not integer and both of two
fractional derivative exist, Gorenflo and Mainardi have shown that the following
relationship between them [17]
c
0D
α
t f(t) = 0D
α
t
[
f(t)−
n−1∑
k=0
f (k)(0)
tk
k!
]
= 0Dαt f(t)−
n−1∑
k=0
f (k)(0)
tk−α
Γ(k − α+ 1) .
(47)
There are two fundamental formulae
F{∞Dαt f(t), k} = F{∞cDαt f(t), k} = (−ik)αf̂(k), (48)
L{caDαt f(t), s} = sαf˜(s)−
n−1∑
k=0
sα−1−kf (k)(0+), n− 1 < α ≤ n, n ∈ IN.
(49)
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